The nonlinear efficiency for a gyrotron oscillator operating at harmonics of the cyclotron frequency has been calculated and is presented as a function of generalized parameters for the second through fifth harmonics. 
I. INTRODUCTION
costly magnets. It appears feasible that millimeter wave radiation could be generated by a harmonic gyrotron operating with permanent magnets. have presented a linear stability analysis for the cyclotron maser instability.' In several cases, nonlinear efficiency calculations for 2w,, operation on a specific cavity mode and under a specific set of operating conditions have also been carried out. Nusinovich and Erm have carried out a calculation of gyrotron efficiency for we and 2w, operation which is generally applicable to any cavity mode and a wide range of operating conditions 1 8 . The formalism employed here has been used by other authors."," We present here numerical results for a generalized nonlinear theory for gyrotrons operating on the first through fifth harmonics. These results are presented in terms of general normalized parameters and are thus applicable to many operating conditions. This paper is organized as follows. The theory is reviewed in section II. The results for the nonlinear efficiency for the fundamental and the second through fifth harmonics of the cyclotron frequency are presented in section III. Application of these results to the case of a quasioptical gyrotron is also discussed. The implications of the results are discussed in section IV, and the conclusions are presented in section V.
I. THEORY
The generalized nonlinear theory for a harmonic gyrotron oscillator can be developed in the form of generalized pendulum equations. 2 ," 2 For an electron moving in combined electric and magnetic fields, the equations of motion are
where 0 = ymec 2 is the electron energy, -y = (1 -02 -g2)-1/2 and Ip = -yfmec is the electron momentum. For a high Q gyrotron oscillator we specify the electromagnetic field structure in the cavity to be axially fixed, but we allow it to rotate in the azimuthal direction. The assumption of an axially fixed field structure is allowed provided the source term in Maxwell's equations is negligible; the electric field E is then that of a TE cavity mode. This assumption is not unrealistic for a harmonic gyrotron in which the diffractive Q (QD) is much higher than the minimum diffractive Q."C' The effect of the rf magnetic field on the electron motion is negligible provided the phase velocity of the rf field is much greater than the speed of light, as is the case for a wave near cutoff. 20 ,2' The magnetic field is taken to be the axial static guide field B = BCz, as shown in Fig.1 .
The equation for the energy of a single electron can be written in terms of a relative energy variable w = 1 --y/yc, and a normalized axial position Z = wz/)3 11 oc as
Here 0110 and -yo are the values of .31 and y at the entrance to the cavity. A subscript zero
indicates that the value of the variable is to be taken at the entrance to the interaction region. In complex notation, we write p = p, + ipy = p, = p+ ie", where a is defined in The electric field for a TEmp mode near cutoff in a circular cross section cavity is written as
where (R, ,) are coordinates in the coordinate system with origin at the center of the cavity; k_ = vmp a where vmp is the pth nonvanishing zero of J,(x), and a is the cavity radius. The field used here is that of a rotating mode. E is the field amplitude, and f(z)
is the axial field distribution, the amplitude of which is normalized to unity. Using Graf's formula for Bessel functions, the electric field can be reexpressed as a series in a coordinate system with origin at the electron gyrocenter. 2 2 The component of the rf field synchronous with the electron for n h order cyclotron resonance (c 2:: nwc) can then be written as E =(E,, r + Eo,)e'")
In complex notation, the electric field of a TEmp cavity mode can then be written as For gyromonotrons, the electron beam at the entrance to the cavity has no bunching, and, consequently, the value of V at the entrance to the cavity is arbitrary. In general V)
can depend on Z; we assume 0 is constant throughout the interaction region. Choosing V -(m -n),, = -, and writing w ~ nwo, the above equations reduce to
The inertial bunching is a result of the action of the azimuthal electric field EO; it is directly responsible for the variation of electron energy (equation (8)). The force bunching results from the radial electric field E,. and contributes through equation (9) to the phase bunching. In most gyrotrons the dominant contribution to the phase bunching is from the inertial bunching term. Because the Larmor orbit depends on the electron energy, the argument of the Bessel functions in the expressions for E, and E, can be expressed in terms of the energy variable;
At this point it is useful to redefine the dependent and independent variables according Then equations (8) and (9) can be written as
where the normalized field amplitude F is defined by Under certain conditions, the equations of motion can be simplified further, and the parameters describing the problem can be reduced to F,p. and A. When the electron beam is weakly relativistic, and the condition
is satisfied, then p' may be approximated by 20
Furthermore, provided the condition in equation (12) is satisfied, the small argument expansion of the Bessel functions in equations (10) and (11) can be made. Equations (10) and (11) then simplify to
In this case the perpendicular efficiency depends only on three parameters (F,yand A).
The efficiency is generally optimized with respect to the magnetic field parameter A; the optimum value of A is denoted Aop.
The field amplitude F is related to the beam current by an energy balance equation.
The total cavity Q, QT, is related to the total stored energy U and the power dissipated P by QT = wU/P. The power dissipated is written as
where IA is the beam current. Evaluation of the stored energy requires a choice of the axial field profile.. Most actual axial field profiles are closely approximated by a Gaussian.
We assume the axial field profile is given by
where k, = 2/L defines the effective cavity length L. The energy balance equation can then be written as
where a normalized current parameter I has been introduced. I is defined by
where IA is the beam current in amps. Once the optimized efficiency is calculated for specific values of F and 1, the beam current necessary to achieve that value of F and r_ is given by equation (16).
Because the optimized efficiency can be written as a function of only two parameters, 771 = r1_ (F. p), the results of a numerical integration of equations (13) and (14) terms of the F and p parameters in a straightforward manner. 2 3 
III. RESULTS
The efficiency of gyrotron operation at the fundamental of the cyclotron frequency and at the second through the fifth harmonics has been calculated. The equations describing the weakly relativistic gyrotron (eqns. (13) and (14)) were integrated numerically using a fourth order Runge-Kutta algorithm for the Gaussian axial field profile given by eqn. (15) .
The limits chosen for the integration over the axial field profile were = -v/3p/2 to --v' /2, which correspond to the e-power points of the axial rf field; they are a good approximation to actual tapered gyrotron resonators. 4 ', The ensemble average over initial phase was carried out by integrating 32 different particles, evenly distributed in phase,
and averaging the resulting single particle efficiencies. Optimization of the efficiency with respect to the magnetic field parameter (A) was also performed. The minimum starting current is shown on Fig. 3 by a dashed line labeled IMIN . The gyrotron will not oscillate for currents below this line.
The other starting current shown on Fig. 3 is the line I = IST(At), which is labeled I = ISTART. For currents below this line, the beam current is above the starting current at the magnetic field corresponding to the optimum efficiency. This region is referred to as the soft-excitation regime. For currents above the line I = ]START, the starting current is higher than the beam current, and the device operates in the hard-excitation regime.
To operate in this regime, the device must be started in a soft excitation zone and then detuned to the hard excitation zone operating point by changing the current, voltage, magnetic field, or other parameters. Thus the line I = ISTART delineates the hard and soft excitation regions of the gyrotron, while the line I = IMIN determines the minimum operating current necessary for oscillation.
The gyrotron parameter space defined by F and u has more than one high efficiency region. Gyrotrons are typically designed and operated with field amplitudes and cavity lengths which correspond to operation in the high efficiency region with the lowest F and p (e.g. F -0.1, p -15 -20 in Fig. 2 ). It is this region for which the technological constraints are most easily satisfied. There are other high efficiency regions in the Fp parameter space which can have efficiencies comparable to or greater than the peak efficiencies in these usual operating regions. For the fundamental cyclotron interaction, a second high efficiency region is present for F -0.3, u -25. For operation in this second region, the electron beam is bunched by the rf field, and energy is extracted from the bunch. However, before exiting the cavity, the bunch slips in phase enough for the rf field to begin doing work on the bunch. The bunch then advances in phase to the point where the bunch again does work on the rf field, and the field energy has increased by the time the electrons exit the cavity. This process is analagous to the synchrotron oscillations of the electrons in the ponderomotive potential well of a free electron laser. Such a process is more susceptible to velocity spread and space charge effects. Because of these problems and other technological constraints, it is unclear whether a device could be designed to operate in these additional high efficiency zones. We focus only on the region of F-p parameter space containing the first high efficiency zone, and all quoted peak efficiencies are for this first high efficiency region. Parts of these additional high efficiency regions are visible on some of the isoefficiency contour plots shown. 
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This simple expression for the starting current has no explicit dependence on harmonic number or cavity length (p); the normalized IST depends only on the single magnetic field parameter A. Equation (20) is plotted in Fig. 12 .
Calculations have also been performed for the case where the longitudinal rf field profile is an asymmetric gaussian. It is well known that the gyrotron efficiency is strongly dependent on the axial field profile. Although complicated axial field profiles can yield very high efficiencies. 4 it is often difficult to realize them in practice. One class of axial field profiles which are not physically unrealistic and can be easily modeled are those of an asymmetric gaussian. An asymmetric gaussian field profile with asymmetry parameter A can be defined by
for z < 0;
exp -(A+]) 2 for z > 0.
L_
For A = 1, the symmetric gaussian of equation (15) is recovered. For A > 1 the field profile is that of an asymmetric gaussian for which the peak of the rf field is shifted towards the output end (z > 0) of the cavity. This profile has the same stored energy and e-width for A -1 as does the symmetric gaussian. so the definition of the current parameter is unchanged.
The presence of even a moderate asymmetry in the axial field profile can substantially increase both the maximum efficiency and the efficiency at other operating points corresponding to non-optimum parameters. The F-p isoefficiency contour plot for the second harmonic and an asymmetry parameter of A = 2 is shown in Fig. 13 . Such a field profile is not unrealistic for moderate and high diffractive Q gyrotron cavities. The use of an asymmetric gaussian field profile for the design of harmonic gyrotrons would allow lower wall loadings (lower F) than would a symmetric gaussian at the same efficiency 23 The results presented can also be applied 
IV. DISCUSSION
The general nonlinear results presented here have application to the design and analysis of harmonic gyrotrons. Because the efficiency and optimum magnetic detuning have been calculated as functions of generalized parameters, the results are valid for a wide range of operating conditions. In particular. provided the condition in equation (12) 
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